The analytic structure of the renormalized energy of the quartic anharmonic oscillator described by the Hamiltonian H= p 2 +x 2 +;x 4 is discussed and the dispersion relation for the renormalized energy is found. It follows from the analytic structure that the renormalized strong coupling expansion converges not only for all positive values of the coupling constant ; but also for some double-well problems. Further, exact dispersion relations for the weak and strong coupling expansion coefficients of the renormalized energy are derived. The large-order formulas for these coefficients found in previous papers follow simply from the dispersion relations. The renormalized weak coupling expansion is separated into the Stieltjes and non-Stieltjes parts. Numerical tests performed for the ground and first excited states confirm correctness of our conclusions. Finally, properties of different perturbative approaches to the anharmonic oscillator are compared.
I. INTRODUCTION
In this paper, we investigate the Schro dinger equation for the anharmonic oscillator H=E,( 1 )
where p=&iddx. As is wellknown, the weak coupling expansion for the energy E=E(;), E( ;)= : n=0 b n ; n diverges for an arbitrary value of the coupling constant ; #(0,) [13] . The energy E( ;) has also the strong coupling expansion E( ;)=; 13 :
which converges for sufficiently large ; [3] . The renormalization approach has many advantages [48] . It leads to the Schro dinger equation
2 ),
where E R (})=(1&}) 12 E( ;) ( 7 ) and ;= } 3(1&})
32
. ( 8 ) Similarly to the ordinary energy E(;), the renormalized energy E R (}) has a weak coupling expansion E R (})= : 
which has the most favorable properties from all the expansions mentioned above. The results of [7, 8] show that, in contrast to the expansions (3), (4) , and (9), the expansion (10) converges for all } # (0, 1], i.e., for all ;>0. The transformation described by Eqs. (7) and (8) is a special case of a more general transformation discussed in [10] , where the convergence of the delta expansion and order dependent mappings (DEODM) for the quartic oscillator was proven. It was shown in [10] that, except for a numerical factor, the transformation (7)(8) is the only transformation between E(;)a n dE R (}) for which the convergence of the DEODM can be proven. We note that instead of this rather mathematical approach other, physically motivated arguments were used in [4] to introduce the renormalization (7) (8) .
We note also that the renormalization introduced in [4] is closely related to the Wick ordering of the Hamiltonian H [2, 11] , :H:= p 
The large-order behavior of the weak coupling expansion coefficients of the energy corresponding to the Hamiltonian (11) was investigated in [2, 11] . However, the dispersion relation for these coefficients given in [11] is valid for large n only. The exact dispersion relation for the weak coupling coefficients c n is discussed in this paper.
The main purpose of this paper is to prove that the renormalized strong coupling expansion (10) is the convergent Taylor series in the circle |1&}| <1, i.e., the expansion (10) converges for all } # (0, 2). To achieve this aim we first clarify the analytic structure of the renormalized energy E R (}). From this analytic structure, exact dispersion relations for the energy E R (}) and c n and 1 n coefficients are found. It is shown that the large-order formulas for the c n and 1 n coefficients found in previous papers [2, 5, 7, 8, 11] follow simply from these dispersion relations. The summation rules for the 1 n coefficients are also discussed.
Formulation of the convergent perturbation theory is important not only from the point of view of the one-dimensional quartic oscillator but also from the point of view of more complex multidimensional problems in which the standard weak coupling perturbation approaches lead to divergent asymptotic series (for example, the Stark and Zeemann effect for the hydrogen atom or the vibrational problem of molecules [12] ). Discussion of the convergent perturbation theory for the quartic oscillator is only a first step in this program.
The paper is organized as follows. Following [2] , we first summarize in Section II the derivation of the dispersion relation for the ordinary energy E( ;) and exact and large-order formulas for the b n coefficients. In Section IIIA, the analytic structure of the renormalized energy E R (}) is investigated. Our discussion of the analytic structure of the energy E R (}) is similar to that given in [10] in the context of the DEODM method. However, instead of investigating the remainder of the weak coupling series with order dependent transformation (8), we keep the transformation fixed and find the dispersion relation for the renormalized energy E R (}) (Section IIIB). It appears that the energy E R (}) can be written as a sum of the Stieltjes and non-Stieltjes parts. Using the dispersion relation, we find in Sections IV and V dispersion relations for the c n and 1 n coefficients. The large-order formulas for these coefficients follow simply from the dispersion relations. It is shown in Section V that, in contrast to the divergent weak coupling expansion (9), the strong coupling expansion (10) converges for all } # (0, 2). In Section VI, summation rules for the 1 n coefficients are discussed. Numerical results supporting our theoretical discussion are presented in Section VII. In Appendixes A and B, calculation of integrals needed in Sections IV, V, and VII is described.
II. ORDINARY ENERGY E(;) AND b n COEFFICIENTS
In this section, we summarize analytic properties of the ordinary energy E( ;), derivation of the dispersion relation for the expansion coefficients b n , and the largeorder formula for the b n coefficients.
The dispersion relation for the ordinary energy E(;) follows from the rigorous results for E( ;) as a function of a complex variable ; [1, 3, 13] .
The energy E( ;) given by Eq. (1) has the following structure on a three-sheeted Riemann surface arg ; #(&3?,3?). On the principal branch arg ; #(&?, ?), the energy E( ;) is analytic and has a cut at arg ;=?. On the remaining sheets, the energy E( ;) has sequences of square-root branch points with the asymptotic phase arg ;=3?2 and the limit point of the branch points at the origin. Therefore, the singular point ;=0 is not an isolated singularity. Other sequences of the branch points are given by the property
;).
For the ground state energy, sequences of the branch points begin at the radius ; min =0.09746483 [14] corresponding to the radius of convergence of the series (4). In the case of the first excited state energy, sequences of the branch points begin at ; min =0.06165 [15] . For the second and third excited states, sequences of the branch points begin at the same radius ; min as that for the ground and first excited states, respectively. For higher excited states, values of ; min go down [14, 15] . For | ;|>; min , the energy E( ;) is analytic on the three-sheeted Riemann surface for all arg ; #(&3?,3?). Thus, the expansion (4) converges for all complex ; for which | ;|>; min , arg ; #(&3?,3?).
At the singular point ;=0, Eq. (1) becomes the Schro dinger equation of the harmonic oscillator with the energy
where K=0, 1, 2, ... is the index of the excitation. It is seen from Eq. (4) that for ; the energy E(;) behaves as
To derive the dispersion relation for the energy E( ;) we can use the Cauchy theorem. Our approach is only slightly different from that used in [2] . Because of the analyticity of the energy E( ;) on the principal branch arg ; #(&?, ?) we can write
where the integration path C is shown in Fig. 1 . For the reason which is clarified below, the constant term E(0) is written separately. For ;=0 the quartic oscillator becomes the harmonic oscillator. For this reason, Eq. (15) can be used also in the limit ; 0+. &; ,
where
is the discontinuity of E( ;) along the negative real axis. It is obvious that the integral along the circle with the radius R 1 vanishes for R 1 0. Expanding the fractions in the remaining two integrals in Eq. (16) into the geometric series in ;; and ;[R 2 e
i.
] we get
Here, we took into account the fact that because of the equation
)&E(0)]=0 (19) following from Eq. (15) these expansions do not contain n=0 terms. Since |E(;)|t | ;|
13
for ; , the integrals in Eq. (18) along the circle with the radius R 2 vanish for R 2 .
It follows from Eqs. (3), (13), (18) , and (19) that
The remaining b n coefficients can be calculated from the exact dispersion relation [2, 3] following from Eqs. (3) and (18) for R 2 ,
It is seen from Eq. (4) that the discontinuity of the ordinary energy 2E( ;) along the negative real axis
is given by the discontinuity of the function ;
. Here, we take arg ; #(0,?) in the upper half plane and arg ; #(&?, 0) in the lower half plane. Equation (22) can be used in the region of convergence of the series (4) .
To find the large-order behavior of the b n coefficients it is sufficient to calculate the discontinuity of the energy 2E(;) for small ;<0. For this aim, we cannot use the expansion (22) , which diverges for small ;. Since E( ;) is the eigenvalue of the hermitian operator, the discontinuity of the energy 2E(;) is purely imaginary. For ;<0, the Hamiltonian H given by Eq. (2) has no bound states and the reciprocal value of |2E(;)| represents the lifetime of the quasistationary states. For small ;<0 it is possible to calculate this lifetime by means of the JWKB method. The discontinuity of the energy 2E( ;) in the lowest order of JWKB equals [2, 3, 16] 
The large-order formula for the b n coefficients can be obtained directly from Eqs. (21) and (23) [2] 
It is seen from this equation that the series (3) diverges for any ;>0.
III. RENORMALIZED ENERGY E R
To clarify properties of the weak coupling and strong coupling expansions (9) and (10) of the renormalized energy E R (}) we proceed analogously to the previous section. To calculate the perturbation coefficients c n and 1 n we use the Cauchy theorem and derive the corresponding dispersion relations. For this aim, we have to know the analytic structure of the renormalized energy E R (}) given by Eq. (7). We investigate its properties on the sheet arg } #(&?, ?).
A. Analytic Structure of the Renormalized Energy
For 0< |}| <1, Eq. (8) Thus, the renormalized energy E R can be on the sheet arg } #(&?, ?)a n d } min <|}|<} max expressed by the convergent series
following from Eqs. (4), (7), and (8).
For |}|>} max and |arg (1&})|>2?3 the branch points of E(;) are transformed by Eq. (7) from the sheets arg ; #(&3?2, 3?2) to the sheet arg } #(&?, ?). Therefore, E R (}) is not analytic in this region. Now we discuss the point }=0 corresponding to ;=0. It follows from Eqs. (7) and (8) that, similarly to the ordinary energy E( ;), the renormalized energy E R (}) is singular at }=0. For }=0, the Hamiltonian (6) becomes the Hamiltonian of the harmonic oscillator. Therefore, we get
The point }=1 corresponds to ; . It follows from Eqs. (4) and (7) that for ;
It is seen from this equation and Eqs. (8) and (10) that
It means that, in contrast to the ordinary energy, the renormalized energy remains finite at the point }=1.
Our discussion can be summarized as follows. The renormalized energy E R (}) given by Eq. ( 7 )is analytic in the sheet arg } #(&?, ?) at least for 0<|}|<} max . Outside of this region non-analytic behavior related to the branch points of the energy E(;) can be expected. Since } max >2, we get as a special case that the renormalized energy E R (}) is in the sheet arg } #(&?, ?) analytic everywhere in the circle |}&1| <1. These results are used in the following sections.
We note that these conclusions about the analytic structure of the renormalized energy agree with those obtained within the DEODM method [10] .
B. Dispersion Relation for the Renormalized Energy
Now it is obvious that we can use the Cauchy theorem for the energy E R (}) with the integration path shown in Fig. 1 , where R 2 <} max . In contrast to the ordinary energy E( ;), we cannot perform the limit R 2 here. We get
where R 2 <} max .F o r}=0 the quartic oscillator becomes the harmonic oscillator. For this reason, Eq. (33) can be used also in the limit } 0+. Assuming R 1 0, the energy E R (}) behaves as E R (}) 2K+1 and the second integral vanishes. To calculate E R (}) from Eq. (33) it is sufficient to know the discontinuity 2E R (}) along the negative real axis and to calculate the integral along the circle with the radius R 2 . The final formula for E R (}) reads
is the contribution from the negative real axis and
R 2 e i.
&} (36) is the contribution from the circle with the radius R 2 . It follows from Eq. (7) that the discontinuity of the renormalized energy along the negative real axis equals
In the lowest order of } we get from Eqs. (23) and (37)
This equation represents the lowest order of the JWKB approximation valid for small }<0. Using the method suggested in [16] we derived Eq. (38) also directly by means of the JWKB method applied to Eq. (5) for small }<0. Equation (38) will be used for the derivation of the large-order formulas for the coefficients c n and 1 n in Sections IV and V. At the end of this section, we show that &E 
and
Now we use the fact that the function
where ; =&1z and
is the Stieltjes function in the extended sense [3] . Therefore, the measure d(z)i s nonnegative. Using Eq. (37) it is seen that also the measure
R (}) is the Stieltjes function. This result is used for a numerical test of the correctness of the dispersion relation (34)(36) in Section VII.
We note that the approximate measures d(z)a n dd R (x) given by Eqs. (23), (43) and (38), (40)(41) 
IV. COEFFICIENTS c n
In this section, we discuss the exact dispersion relation for the weak coupling expansion coefficients c n and derive the large-order formula for these coefficients. The reason for the divergence of the weak coupling series (9) is clarified.
The dispersion relation for the c n coefficients can be derived analogously to Eq. (21) for the b n coefficients. Equations (35) and (36) can be written in the form
Expanding the last fractions in these equations into the geometric series we get the exact dispersion relation for the c n coefficients
where the c
(1) n coefficient is the contribution from the negative real axis
and 2E R (}~) is given by Eq. (37). The second term, c
n , is the contribution from the circle with the radius R 2
where E R (}) is given by Eq. (29). The integral in the last equation can be calculated analytically (see Appendix A). Now we show that the contribution of the c
n coefficients to c n can be neglected for large n.
First we find the large-order formula for the c
(1) n coefficients. For large n, the dominant contribution to the integral (47) is given by }~ 0&. Therefore, we can replace R 2 in Eq. (47) by infinity and get
Substituting Eq. (38) into Eq. (49) we obtain the leading term of the large-order formula for the coefficients c
Now we discuss the c
n contribution to c n . Taking the absolute value of c
n and denoting
)|=C (51) we get the estimate
It is obvious that for 1<R 2 <} max the c
n contribution to the c n coefficients can be neglected for large n. Thus, the large-order behavior of the c n coefficients is given by the formula
in agreement with [2, 5, 11] . It follows from Eqs. (24) and (53) that the ratio of the b n and c n coefficients equals
We see that the weak coupling expansion of the renormalized ground state energy E R (}) diverges for any }>0 similarly to the weak coupling expansion of the ordinary energy E(;). In both cases, the divergent parts of the coefficients c n and b n are given by the integration of the discontinuity of the energies 2E R (})a n d 2E( ;) in the vicinity of the expansion points }=0 and ;=0. We see in agreement with [9, 11] that the divergence of the weak coupling expansions is a general feature of the anharmonic oscillators.
We note that the dispersion relation for the c n coefficients in the form of Eq. (49) was given already in [11] . We have shown here that it is the approximate relation which can be used for large n only. The exact dispersion relation is given by Eqs. (46)(48).
V. COEFFICIENTS 1 n
In this section we show that the strong coupling expansion (10) is a convergent series. We find the exact dispersion relation for the 1 n coefficients and derive the large-order formula for these coefficients. This large-order formula provides more information on the convergence of the expansion.
The renormalized strong coupling expansion (10) is the expansion of E R (})a t the point }=1. It follows from Section III that the energy E R (}) is analytic in the circle |}&1| <1 with the center at the point }=1 corresponding to ;=. Thus, the series (10) is the convergent Taylor expansion in this circle and converges for all } # (0, 2). This result extends the proof of [6] , which was given for the neighborhood of }=1 only.
The exact dispersion formula for the 1 n coefficients can be obtained analogously to that for the c n coefficients. If we use the integration path along the circle with the center at }=1 and radius R 2 (see Fig. 2 ), we can write equations for E 
and Expanding the last fractions in these equations into the geometric series we get the exact dispersion relation for the 1 n coefficients
and 2E R (}~) is given by Eq. (37). The second term equals
where E R (}) is given by Eq. (29). The integral in the last equation can be calculated analytically (see Appendix B). Now we show that, analogously to the c (2) n coefficients, the contribution of the 1 (2) n coefficients to 1 n can be neglected for large n. For large n, the dominant contribution to the integral (58) is given by }~ 0&. Therefore, we can replace R 2 in Eq. (58) by infinity and get
Inserting Eq. (38) into Eq. (60) we obtain after some manipulation the leading term of the large-order behavior of the coefficients 1
Equation (61) is equivalent to Eq. (23) in [8] for m=2.
To find the analytic large-order formula for the 1
(1) n coefficients we rewrite Eq. (61) as
and use the Laplace method [17] to calculate the integral of the form
Here, x 0 is the point where f $(x)| x=x 0 =0. The large-order formula for the 1 (1) n coefficients then reads
.
Now we discuss the 1 
+1)|=D (65)
we get the estimate
It is obvious that taking sufficiently large R 2 obeying the condition 1<R 2 <} max &1 we can neglect the 1 (2) n contribution to the 1 n coefficients for large n. Thus, the final large-order formula for the 1 n coefficients is given by the 1
This result was first obtained from the analysis of the numerically computed coefficients 1 n [7] . Later, it was derived from the large-order formula for the c n coefficients (53) [8] . Our approach represents direct and more rigorous derivation without using the large-order formula for the c n coefficients. Using, for example, the d'Alembert convergence criterion it follows from Eq. (67) that, in agreement with our conclusion made at the beginning of this section, the strong coupling expansion (10) converges for all } # (0, 1] corresponding to ; #(0,). It is seen, however, that it converges also for } # [1, 2) corresponding to the double-well problem with the Hamiltonian (6) written in the form
We note also that in the region of analyticity of the energy E R (}) the series (10) can be analytically continued to }>2 [19] .
VI. SUMMATION RULES
In this section, we derive summation rules describing the mutual relation of the 1 (i) n and c (i) n coefficients. Using the weak and strong coupling expansions of the renormalized energy we get
Putting }=0 we have the summation rule
Calculating the derivatives of the series in Eq. (69) at the point }=0 we get the general summation rule
From Eqs. (70) and (71), we get also the summation rule for the c n and 1 n coefficients
which was derived in [7] . For j=0 we get as a special case [6] c 0 =2K+1= :
These rules can be used for numerical tests of the computed coefficients. It follows from Eq. (69) for i=1 and Sections IV and V that the large-order formula for the 1 n coefficients (67) can be obtained from the large-order formula for the c n coefficients (53) as was done in [8] .
VII. NUMERICAL RESULTS
To clarify the structure of the coefficients c n and 1 n , we first compute the numerical values of the c (1) n , c (2) n and 1 (1) n , 1 (2) n coefficients. Then, we verify the summation rules given in Section VI and check the correctness of the dispersion relation (34)(36).
To perform numerical tests, we used numerical values of 200 hundred 1 n coefficients [7] for the ground and first excited states of the quartic oscillator calculated by the method described in [20] .
From these coefficients, we calculated the K n coefficients via the equations [21]
following from a comparison of the series (4) and (10) . The exact c n coefficients in the form of rational numbers were calculated by the method described in [1, 2, 5] .
Then, using Eqs. (48), (59), (29) and the integrals given in Appendixes A and B we calculated the c (2) n and 1 (2) n coefficients. To calculate these coefficients by the method described in Appendixes A and B we used 200 coefficients K n for the ground state and 100 coefficients K n for the first excited state. For the ground state, the summation of 200 terms of the series (4) gives good results for | ;| >0.12. To achieve high accuracy of the renormalized energy E R (}) we must take | ;| as large as possible. It is obvious that the function (26), where }=|}| exp(i.) and |}|i s fixed, has a minimum at .=?. Equation (8) , 0). This transformation yields the maximum absolute value of ; for }=&2. For this reason, we used R 2 =2 in our calculations.
The remaining coefficients, c
(1) n and 1 (1) n , were found by means of Eqs. (46) and (57),
where c n and 1 n are the exact values of the coefficients. We note that the c (1) n and 1
(1) n coefficients could be derived also directly from the discontinuity of the energy E R (}) (see Eqs. (47) and (58)). However, bearing in mind the magnitude of the coefficients c (2) n and 1 (2) n , this would require extremely precise knowledge of the discontinuity 2E R (}). We shall discuss this point in a future paper.
The values of the c
n , 1
n , and 1 (2) n , coefficients, n=0, ..., 20, for the ground and first excited states are shown in Tables I and II . In contrast to the c (i) n coefficients, the 1 (i) n coefficients for n>3 do not change sign. It is seen that while the absolute value of the c (1) n coefficients increases rapidly with n, the absolute value of 
n coefficients goes rapidly to zero. As seen from Table I , the c
n contribution to c n can be neglected for large n. A similar situation can be observed in the case of the 1 (2) n coefficients (see Table II ). In Table III we test the validity of the summation rules (70) for i=1, 2 and (71) for j=1, i=1, 2 for the ground and first excited states. The coefficients c (i) n and 1 (i) n were obtained by the method described above. The results confirm correctness of the computed coefficients. Since the coefficients 1 (2) n go down with increasing n more rapidly than the 1 (1) n coefficients, the accuracy of the summation rules for i=2 is better than that for i=1.
We showed in Section IIIB that if the dispersion relation (34)(36) is correct then the series
where c
(1) n is given by Eq. (76), has to be the Stieltjes series. Therefore, this series must be summable by means of the Pade approximants P N N and P N N+1 , which must form monotonically increasing lower bounds and monotonically decreasing upper (1) n and 1 (2) n Parts of the Strong Coupling Coefficients 1 n =1
(1) n +1 (2) n for the Ground and First Excited States of the Quartic Oscillator
Ground state
First excited state n1 
n } n is a rapidly convergent series (see Table I ) with the radius of convergence R 2 =2 (see the estimate (52) Note. The first and third columns correspond to Eq. (70) and the second and fourth columns correspond to Eq. (71) for j=1. Here, the contributions from the axis (i=1) and the circle (i=2) to the 1 n coefficients are considered separately. of E R (}) for }=1. Since the lower and upper bounds L N and U N converge rapidly to the exact value of the energy E R (}=1), it is obvious that even better convergence of L N and U N to the exact value of the energy E R (}) is obtained for 0<}<1. These results confirm our conclusion made in Section IIIB that the energy &E 
VIII. CONCLUSIONS
In this paper, a detailed investigation of the weak coupling and strong coupling perturbative expansions of the renormalized energy of the quartic oscillator was performed and the most important questions of this perturbation theory were clarified.
First, known results for the ordinary energy E( ;) and the weak coupling expansion coefficients b n were briefly summarized. Further, the analytic structure of the renormalized energy E R (})w a s investigated. In contrast to E(;), the renormalized energy E R (}) is not analytic in the whole sheet arg } #(&?, ?). However, we showed that the renormalized energy E R (}) is analytic in the sheet arg } #(&?, ?) at least in the region 0< |}|<} max , where } max 8.321 for all the states of the quartic oscillator. Outside this region non-analytic behavior of E R (}) related to the branch points of E(;) can be expected. From this analytic structure, we showed that the strong coupling expansion (10) converges for all } # (0, 1] corresponding to the anharmonic oscillator with ; #(0,) and for all } # [1, 2) corresponding to the double-well problem. Further, we found the exact dispersion relation for the energy E R (})=E
R (}) consisting of two parts. The first part, taken with the negative sign, is the Stieltjes function. Dispersion relations with a similar structure were found also for the weak and strong coupling expansion coefficients c n and 1 n . These exact equations for the c n and 1 n coefficients lead to the analytic large-order formulas known from previous papers [2, 5, 7, 8, 11] . In contrast to these approaches, our derivation of the largeorder formulas is a new, more rigorous approach following from the analytic structure of the renormalized energy E R (}). We derived also the summation rules giving the mutual relation of the Stieltjes and non-Stieltjes parts of the c n and 1 n coefficients. Detailed numerical tests performed for the ground and first excited states confirm the correctness of our conclusions. Now we compare the weak and strong coupling expansions of E(;)a n d E R (})=(1&}) 12 E( ;). The weak coupling expansions E(;)= n b n ;
n and E R (})= n c n } n are expanded at the singular points ;=0 and }=0, respectively. From the physical point of view, these points are singular since the Hamiltonians H= p 2 ) do not have bound states for ;<0 and }<0 and the energies E(;)a n dE R (}) are not analytic at the points ;=0 and }=0. Therefore, these expansions are not convergent Taylor series and diverge for arbitrary ; #(0,) and corresponding } # (0, 1) (compare with the well-known Dyson argument in quantum electrodynamics [22] ). In contrast to these divergent expansions, the renormalized strong coupling expansion E R (})= n 1 n (1&}) n has different properties. It follows from the analytic structure of E R (}) that E R (}) is analytic in the circle |1&}| <1 in the complex }-plane. Therefore, the series E R (})= n 1 n (1&}) n is the convergent Taylor series for all |1&}| <1. From a physical point of view, the Hamiltonian
3) becomes for 1&}<0 the Hamiltonian of the double-well problem which has bound states and the energy E R (}) can be analytic at the point }=1.
The strong coupling expansion of the ordinary energy E(;)=; 13 n K n ; &2n3 is the expansion at the point ;= corresponding to }=1. Therefore, it is analogous to the strong coupling expansion of the renormalized energy E R (})= n 1 n (1&}) n . However, because of the prefactor ;
13
, which goes to zero for ; 0, the expansion n K n ; &2n3 must diverge for ; 0 when E(0)=2K+1. From the point of view of the analytic structure of the energy E( ;), this expansion diverges because of the existence of the square-root branch points on the three-sheeted Riemann surface near the origin ;=0. Therefore, this expansion has properties less favorable than those of the expansion E R (})= n 1 n (1&}) n , which converges for all } #(0,2). We can conclude that the renormalized strong coupling expansion E R (})= n 1 n (1&}) n is the most advantageous perturbative approach to the anharmonic oscillators. We believe that the results of this paper contribute not only to deeper understanding of the perturbation theories for the anharmonic oscillators and doublewell problems but to better understanding of behavior of the perturbation theories at large orders in general. 
Using the binomial formula we get I(n, j)= : 
To calculate the last integral we use the Gauss theorem
for the function
We consider two cases:
Integration path in the complex z plane. The radii of small circles equal =.
1. j3n&1. Using the integration path C shown in . (90) The last integral equals zero except for the case l=2q and qn&1 when I(n,3q+2)= 2?(&1) 5q+1&n ( j&n&1)! 2q!( j&n&1&2q)! .
(c) j<n+1. In this case we get j=0 and n=0. Then, the second integral in Eq. (87) .
The last integral can be calculated easily.
2. j<3n&1. Using the Gauss theorem (85) for the function (86) with the integration path C shown in Fig. 4 we get I(n, j)=(&1) 
Again, the last integral can be easily calculated.
FIG. 4.
Integration path in the complex z-plane.
